The enhancement or suppression of vortex breakdown in a closed cylinder caused by a small rotating disk embedded in the nonrotating endwall is simulated in this study. This paper shows that corotation or counter-rotation of the control disk with respect to the driving lid is able to promote or suppress the "bubble-type" vortex breakdown. This is achieved using only a small fraction of the power required to drive the main lid. The simulations show that the vortex breakdown induced or suppressed by flow control displays similar characteristics near the breakdown region as produced by varying the flow Reynolds number. These include near-axis swirl, centerline axial velocity, and centerline pressure. The influence of the size of the control disk is also quantified.
I. INTRODUCTION
Since its discovery, vortex breakdown has been studied extensively and numerous reviews have discussed various aspects.
1-10 Several theoretical models have been developed to predict this phenomenon. These include the collapse of the near-axis boundary layer, 6 hydraulic jump analogy, 11, 12 internal separation, 7, 13 flow instability, 14, 15 and a fold catastrophe. 10, 16 Vortex breakdown occurs in strongly swirling flows such as those found in unconfined jets and pipes. Although perhaps these have more obvious practical applications, vortex breakdown in a confined cylinder has also been extensively studied because the flow conditions can be precisely controlled. However, perhaps surprisingly, the flow is extremely sensitive to perturbations to the geometry of the rig and imperfect visualization techniques, which can cause substantial differences between numerical predictions and experimental results. [17] [18] [19] Apart from its use as a tool to provide a theoretical understanding, the confined cylinder rig may provide a useful prototype bioreactor for the growth of various cell types. [20] [21] [22] [23] The confined flow is governed by only two parameters, i.e., the flow Reynolds number Re D and the aspect ratio H / R, where H and R are the cylinder height and radius, respectively. Vogel 24 first observed vortex breakdown in this flow configuration. Flow states with up to three vortex breakdown bubbles have been mapped out. 25 Studies have shown that vortex breakdown in a confined cylinder is axisymmetric and steady at low Reynolds numbers. 18, 19 The development of a steady axisymmetric vortex breakdown bubble formed by increasing the Reynolds number of the axisymmetric flow has been shown to be a continuous evolution. 4 Numerous techniques for controlling vortex breakdown have been explored. Mitchell and Délery 26 examined the control of vortex breakdown for trailing vortices from delta wings. In a closed cylinder, techniques employed include temperature gradients, 27 corotating, 28, 29 and counter-rotating end walls, 30 and independently rotating a small central rod. 31 Lopez et al. 32 studied how harmonic oscillations can be used to control the vortex breakdown bubble at higher Reynolds numbers where the flow is unsteady and axisymmetric. A mechanical and nonintrusive method is used in this study to control axisymmetric vortex breakdown in a confined cylinder. A small rotating disk on the end opposite to the driving lid is used to control vortex breakdown. Control is applied by varying only the boundary conditions while avoiding any protuberances in the flow. This study complements the experimental investigation undertaken by Mununga et al. 33 There are various descriptions and definitions of vortex breakdown in the literature. A simple definition proposed by Leibovich 7 describes vortex breakdown as a substantial change in the structure of the vortex core as a direct result of a variation in the characteristic ratio of the tangential to axial velocity components. Accordingly, in the present study vortex breakdown control can be interpreted as being achieved by altering the swirl and/or axial velocity near the central core. Corotation or counter-rotation of a small disk increases or decreases the swirl velocity near the axis, respectively. The axial velocity near the breakdown position will be shown later to decrease, in both cases. A layout of the flow configuration is shown in Fig. 1 . The container has an overall diameter of D ͑radius R͒ and a height of H. The radial distance r is measured from the rotational axis and the axial position z is measured from the a͒ Electronic mail: tan.boon.thong@eng.monash.edu.my. control disk. The aspect ratio used in this study is H / R =2, in line with many previous studies ͑e.g., Refs. 4, 25, and 33͒. The main disk driving the flow constitutes the entire lid ͑i.e., radius R͒ and rotates at an angular speed of D . The smaller control disk is embedded into the opposite lid and rotates about the same axis. The diameter d ͑radius r c ͒ of the control disk is fixed at d = 0.15D ͑r c = 0.15R͒ in all cases except in a later section that studies the effects of varying the size of the control disk. This value is chosen for consistency with the experimental study. 33 The Reynolds number of the flow, Re D , is based on the radius and the rotational speed of the main driving disk,
with the kinematic viscosity of the fluid. The Reynolds number of the flow in this study is chosen to lie in the vicinity where the vortex breakdown bubble is first observed ͑i.e., close to the onset value for vortex breakdown͒. To reiterate, the formation of a vortex breakdown bubble is not associated with an instability or a bifurcation. 4 For this geometry and aspect ratio, the onset of vortex breakdown occurs when the Reynolds number is Re D Ϸ 1440, and the flows simulated in this study are all within approximately Re D Ϯ 500 of this onset value. This range lies below the critical Re D at which the flow becomes unsteady in time or develops spiral modes. 19 The Reynolds number associated with the control disk is defined as
The speeds of the control disk for both co-and counterrotations are kept to moderate levels relative to the main lid, with rotation ratios restricted to 33 in a number of ways. In particular, it presents detailed numerical simulations extending the previous experimental study by providing circulation, vorticity, and pressure maps, which in turn provide a physical understanding of the effect of the control disk. Indeed, the control disk increases or decreases the swirl velocity upstream of breakdown, depending on the rotation direction, but always decreases the axial velocity. This allows enhancement or inhibition of breakdown to be interpreted in terms of a change to the upstream swirl number. In addition, the input power to drive each disk is properly quantified, and the effect of the size of the control disk is determined.
The layout of the remainder of this paper is as follows. The numerical techniques, relevant equations, and parameters used to model the flow are presented in Sec. II. This is followed by validation of the model against experimental data. The flows generated independently by the top and bottom rotating disks are then documented. The effect of coand counter-rotations of the control disk on the flow is studied by investigating the axial velocity along the centerline, the circulation in the vicinity of the vortex breakdown bubble, and the pressure along the central axis. The shape of the vortex breakdown bubble for a selection of cases is shown using streamline plots. The powers required to drive both the main disk and the control disk are calculated to highlight the high efficiency of this control mechanism. Several sizes of control disk are also simulated to study the relationship between the size of the control disk and the power required to instigate and suppress vortex breakdown. Finally a brief discussion and conclusion follows.
II. NUMERICAL METHOD
The flow is assumed to be axisymmetric at the low Reynolds numbers considered in this study. All results presented here reached a steady asymptotic state. This reduces the problem to only two spatial dimensions. The flow field is modeled by solving the incompressible time-dependent Navier-Stokes equation in cylindrical polar coordinates. A spectral-element method is used for the axisymmetric geometry and the solution is advanced in time using a time splitting technique that is second-order accurate. This technique and the implementation have been validated and have been used extensively for various related problems, e.g., Refs. 19, 34, and 35.
The computational mesh used in this study is also shown in Fig. 1 . This mesh consists of 13ϫ 19 macroelements. Each macroelement in this plot contains a further 10ϫ 10 computational nodes ͑not shown͒. The mesh is stretched using a Chebyshev ͑cosine͒ function to concentrate points toward each boundary. Stretching toward the solid boundary is required for better resolution of the thin boundary layers, especially the Ekman layer at the spinning-lid wall and the Stewartson layer at the sidewalls. In addition, better resolution of the vortex breakdown bubble is achieved by concentrating points toward the axis. A linear velocity profile is 
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imposed on the bottom boundary to enforce a constant angular velocity of D . A no-slip boundary condition is imposed on the stationary walls. A linear velocity profile matching the desired angular velocity of the control disk is imposed at the surface of the control disk. The mesh stretching used in this study results in a high mesh density near the corners of the domain. The singularity here resulting from the discontinuity in imposed velocity and/or geometry leads to a loss in spectral convergence. The high local mesh density in these regions isolates the unnatural oscillations from propagating to the rest of the flow domain.
For computational efficiency, simulations are generally initialized with a solution from a lower Reynolds number case when one is available. Simulations with a rotating control disk are started with a solution at the same Re D but with the control disk stationary. The simulations are then integrated forward in time using a time step of D ⌬t = 0.015 for Re D Յ 1500 and D ⌬t = 0.01 for cases with higher Reynolds number. As indicated above, all cases considered in this study asymptote to a steady state which typically requires several hundred dynamic time units ͑1 / D = 1 time unit͒. The flow is considered to be steady when the largest variation in any component of velocity at any node is less than ⌬u / ⌬t D 2 R Ͻ 10 −6 . Simulations were performed with a higher resolution and with a smaller time step to verify that the solutions were accurate. Tests were performed for the cases between Re D = 1500 and Re D = 2500. The same computational mesh was used but with higher-order elements containing 13ϫ 13 computational nodes. The time step was reduced to D ⌬t = 0.01 for Re D Յ 1800 and D ⌬t = 0.005 for cases with higher Re D . The size and location of the vortex breakdown bubble were used for verification. The location of the upstream and downstream stagnation points on the vortex breakdown bubble varied by less than 0.25% of H. The width of the bubble at its widest varied by less than 0.3%. Given these results, the ͑base͒ resolution and time step are adequate to produce accurate predictions.
Of interest to the aspect of control is the power input required to significantly modify the breakdown bubble relative to the input power to generate breakdown. The shaft power Ẇ shaft required to rotate either the main lid or the control lid is given by
The velocity in the azimuthal direction is represented by u and the dynamic viscosity is represented by . For an axisymmetric problem, the area integral can be reduced to a line integral,
͑4͒
Note that taking the limits of integration to R rather than r c does not affect the result because the stationary portion does not contribute to any shaft work. Integration is done using the same numerical quadrature as used in the spectralelement scheme. The nondimensional power coefficient is scaled with the properties of the main driving lid and given by
Here, the density of the fluid is represented by .
III. RESULTS AND DISCUSSION

A. Experimental validation
In order to validate the numerical predictions, a preliminary series of simulations was performed and the results compared with those from an experimental study. 33 In this exercise, the rotational speed of the control lid relative to the driving lid was varied between −1.6Յ d / D Յ 2.0, and the Re D at the onset of vortex breakdown was determined. In the numerical study, simulations were performed at increments as fine as 1 unit of Re D by varying the kinematic viscosity and the onset was deemed to have occurred when flow reversal on the central axis was detected. On the experimental side, Re D was varied by minute increments in motor speed and the vortex breakdown was detected visually.
The graph in Fig. 2 shows a comparison of the numerical and experimental predictions. The overall agreement is good and the deviation never exceeds 4% and is mostly better than 1%. The likely source of the difference is in different ways the breakdown bubble is detected between the experiments and numerics. Clearly, the detection of the onset of reverse flow on the axis in the numerical simulations is more definitive than visual inspection. In any case, the two sets of results are in excellent agreement.
B. Flow induced by the primary and control disks
The separate flows induced by rotation of the primary and control disks are documented in this section. This is done by keeping one disk stationary and rotating the other disk.
Viscous forces transfer momentum from the rotational lid at the bottom to the entire container of fluid. The swirl or azimuthal flow induces flow radially outward. The stronger swirl near the lower lid drives the secondary flow in the clockwise direction as shown by the streamline plot on the meridional plane in Fig. 3͑a͒ . Arrows have been added to highlight the downward motion of the secondary flow near the cylinder axis. 
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The same mechanism also applies to the secondary flow induced by the control disk as shown in Fig. 3͑b͒ . The disk is smaller and the flow is weaker in this case. The control disk on the opposite side of the driving lid induced flow is in the counterclockwise direction. Again, arrows have been added to show that the induced flow near the axis is in the upward direction. The direction of the secondary flow on the meridional plane is independent of the direction of rotation.
The resultant flow from both the rotating lid and the control disk is not a simple superposition due to the nonlinear nature of the system. However, the control flow is expected to reduce the axial velocity due to their opposing directions. Section III C will show this to be the case for both corotation and counter-rotation of the control disk.
C. Effect of the control disk
Vortex breakdown control is investigated through three sets of simulations. For the base case, the Reynolds number Re D is increased past the onset of vortex breakdown with no external flow control applied. Next, a Reynolds number well below the onset of vortex breakdown is chosen ͑i.e., Re D = 1200, approximately 20% below the onset of vortex breakdown͒ with corotation of the control disk used to promote vortex breakdown. Finally, a Reynolds number above onset is selected ͑i.e., Re D = 1835, about 20% above the onset of vortex breakdown͒ and counter-rotation of the control disk is used to suppress vortex breakdown. Note that the actual Reynolds numbers were chosen to match with experiments.
Initially, the axial velocity along the axis and the swirl close to the axis is studied because the swirl number is dependent on these, and that has been shown to be a useful predictor of downstream breakdown. The swirl number is defined as the ratio of swirl velocity to the axial velocity. While the axial velocity should not be too sensitive to radial position close to the axis, for axisymmetric flows the swirl velocity will vary linearly near the axis, hence there is some arbitrariness in specifying what swirl velocity should be used to construct the swirl number. In the analysis of breakdown of a swirling jet issuing into an otherwise quiescent fluid, Chomaz et al. 36 found that the swirl velocity reached a maximum at the edge of the jet, so providing a natural swirl velocity scale for constructing a swirl number. They found that breakdown would occur downstream if their swirl number exceeded approximately 1.4. For the spinning-lid rig, there is no well defined swirling jet core upstream of breakdown. The finer details of how this measurement is taken are dependent on the actual flow configuration. In this case, the axial velocity along the axis and in the vicinity of the vortex breakdown bubble is used as a gauge. Circulation, which is defined as ⌫ = u r, is used as an indication of the strength of the swirl.
The pressure along the centerline is examined next. The topology of the vortex breakdown structure and the power requirements to generate the flow is also considered. 
Axial velocity
Circulation
Circulation ͑⌫ = u r͒ contour plots for a selection of cases are presented in Fig. 7 . The viewing window spans the ranges between 0 Ͻ r / R Ͻ 0.3 and 0.1Ͻ z / H Ͻ 0.55, thus focusing on the vortex breakdown region. Strong swirl near the axis would result in higher levels of circulation. Therefore, higher contouring levels nearer to the axis represent stronger swirl. Figures 7͑a͒-7͑e͒ represent increasing Reynolds number Re D with the control disk stationary. These plots show that circulation near the axis grows as Reynolds number is increased. The plots in Figs. 7͑f͒-7͑j͒ correspond to Re D = 1200 with vortex breakdown induced by corotation of the control disk. The plots also show an increase in circulation near the axis, although less significant than the earlier case. Finally, suppression of vortex breakdown at Re D = 1835 is shown by plots in Figs. 7͑k͒-7͑o͒ , ordered in terms of increasing control disk speeds. In this case, the circulation near the axis decreases as the counter-rotation speed increases.
Pressure along the centerline
A region of low pressure relative to the two lids along the rotating axis is a necessary condition for vortex breakdown. 31 Plots of the pressure coefficient along the axis will be shown here to highlight the effects of the control flow. The pressure along the axis is taken relative to the pressure on the wall. The pressure coefficient is defined as
Here, P w is the pressure on the wall, P a is the pressure at the axis, and is the fluid density. To obtain a positive value for the pressure coefficient, the pressure at the wall is subtracted from the pressure at the axis. Figure 8 shows the cases when the control disk is stationary. The pressure along the axis in the region of 0 Ͻ z / H Ͻ 0.2 drops as the Reynolds number ͑Re D ͒ is increased. A distinct peak is observed at z / H Ϸ 0.16 for Re D = 1400. This corresponds to the stronger swirl near the axis as seen in Fig. 7 in Sec. III B. The suction pressure reduces further downstream for cases with higher Re D . This corresponds to lower circulation further downstream and is highlighted in Fig. 7͑d͒ for the case with Re D = 1400.
The effect of corotation can be seen in Fig. 9 . As the speed of the control disk increases, the pressure drops in the 
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Simulation of the control of vortex breakdown Phys. Fluids 21, 024104 ͑2009͒ vicinity of 0 Ͻ z / H Ͻ 0.2. This low pressure is associated with the increase in swirl contributed by the control disk. The control flow has little effect on pressure past z / H Ͼ 0.2. This demonstrates that the effect of the control disk is localized.
The counter-rotation case is presented in Fig. 10 . The pressure drop increases in the localized region of z / H Ͻ 0.07 due to the rotation of the control disk. The plots clearly reflect a drop in suction past this region. This is related to the net effect of the control disk reducing the level of swirl.
D. Structure of vortex breakdown bubble
The Reynolds number Re D is increased past the onset of vortex breakdown in this section to show the structure of the vortex breakdown bubble. Streamline plots from selected cases are presented in Fig. 11 . Consistent with previous plots, the viewing window spans only between 0 Ͻ r / R Ͻ 0.3 and 0.1Ͻ z / H Ͻ 0.55 and focuses on the vortex breakdown region. Note that finer contouring levels are used for the counterclockwise flow.
The case with no flow control is shown in Figs. 11͑a͒-11͑e͒. As the Reynolds number is increased, the vortex breakdown bubble increases in size and moves upstream. If we use the zero streamline as the boundary of the vortex breakdown bubble, at Re= 1800, the bubble width is r / R = 0.22.
The flow Reynolds number is fixed at Re D = 1441 in Figs. 11͑f͒-11͑j͒ , which is at the onset of vortex breakdown. The vortex breakdown is promoted by corotation of the control disk. As the speed of the control disk is increased, the width of the vortex breakdown bubble increases. At Re d = 80, the width of the bubble is at r / R = 0.173. The vortex breakdown bubble formed here is more elongated because of the reduced axis velocity introduced by the control flow.
Figures 11͑k͒-11͑o͒ show the vortex breakdown being suppressed by counter-rotation. These plots are arranged in decreasing speed of the control disk so that an easy comparison can be made with the earlier cases. With regards to the shape of the vortex breakdown bubble, increasing the speed of the control disk is similar to decreasing the Reynolds number Re D of the flow in the case where the disk is stationary ͓see Figs. 11͑a͒-11͑e͔͒ .
E. Power requirements
The power predicted to drive the lid and the control disk is presented in this section. The method used to calculate the power coefficient is presented earlier in Sec. II.
The power coefficient required to drive the main lid is presented in Fig. 12 . The curve shows that the relationship between the power coefficient and Reynolds number is approximately Consider a typical case where the properties of the fluid and geometry of the vessel are fixed. Then Re D is increased by increasing the rotational speed of the lid. In that case, the shaft power required and rotational speed or Reynolds number now show this approximate relationship,
In all the simulations performed in this study, the speed of the control disk has a negligible effect on the power requirements for the driving lid ͑i.e., less than 1%͒. Therefore the power requirements for the driving lid are independent of the rotational speed of the control disk.
The power required to drive the control disk for both Re D = 1200 and 1835 is presented in Fig. 13 
IV. DISCUSSION
The case with no external control is consistent with many previous studies ͑e.g., Ref. 25͒. As the Reynolds number is increased, the axial velocity in the core drops and this is most significant near the vortex breakdown region. Plots of circulation also show that the swirl gets stronger and this results in a lower pressure in the core. As the Reynolds number is increased past the onset of vortex breakdown, the vortex breakdown bubble increases in radius and moves a small distance upstream.
Corotation and counter-rotation of the control disk promotes and suppresses vortex breakdown, respectively. Rotation in either direction promotes flow in the direction opposite to the flow generated by the main driving lid, in the meridional plane. This results in lower axial velocity especially near the control disk ͑i.e., z / H Ͻ 0.1͒. Outside this region, corotation reduces the axial velocity further and promotes vortex breakdown. Counter-rotation suppresses vortex breakdown and the axial velocity increases.
The circulation plots clearly show that corotation adds swirl to the core region while counter-rotation reduces it. This is reflected in the lower core pressures in the corotation cases and higher core pressures in the counter-rotation cases. Therefore, corotation increases the swirl number by increasing the swirl in the core region and reducing the axial velocity and thus promoting vortex breakdown. Counter-rotation reduces the swirl near the core, which suppress vortex breakdown. Although the rotating control disk reduces axial velocity, this effect is localized to near the disk; axial velocity actually increases further downstream. Therefore, the swirl number decreases and vortex breakdown is suppressed.
All the simulations presented in this study asymptoted to a steady state. The simulations have showed no effects of resonance even when the rotational speeds of both disk are at integer multiples of each other in the parameter range that was studied. The development of bioreactors using the breakdown bubble as a virtual reactor for cell or tissue growth can be aided through the provision of a low power control disk to control the size and location of the bubble. 20, 21, 23 
V. CONCLUSIONS
Control of vortex breakdown was achieved using a control disk and comparisons were made with an experimental study. 33 Corotation and counter-rotation of the control disk promotes and suppress vortex breakdown, respectively. This is achieved by altering the swirl near the vortex breakdown bubble. Streamline plots of the secondary flow show similar vortex breakdown bubbles in cases where the breakdown is promoted using the control disk and when the breakdown occurs solely due to increasing Re D . The power requirements of the control disk are negligible when compared with the power requirements of the driving lid. A larger control disk has shown to be more power efficient in controlling vortex breakdown. The control disk may be a useful device to control the flow structures in mixing vessels such as bioreactors.
